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Three-Dimensional Hybrid Mesh Generation
for Turbomachinery Airfoils

Kyu-sup Kim¤ and Paul G. A. Cizmas†

Texas A&M University, College Station, Texas 77843-3141

A methodology is introduced for generating three-dimensional hybrid meshes for turbomachinery airfoils. This
method creates a volume mesh by stacking layers of area meshes along the blade spanwise direction. The area
meshes are hybrid meshes composed of a structured O grid around the airfoil and an unstructured grid in the rest
of the domain.Each layer of the stacked mesh is mapped from a single source mesh. Optimization-basedsmoothing
is applied to the mapped area mesh to increase mesh quality. The optimization-based smoothing is also applied
to the periodic boundaries to optimize the placement of the grid points. Further enhancement of grid quality is
obtained by edge swapping and node insertion. Edge swapping reduces the dependency of mesh quality on the
choice of the source mesh. The meshing algorithm is tested on a challenging turbine rotor airfoil whose stagger
angle varies approximately 88 deg from hub to tip.

Nomenclature
A = cell area
Ei j = edge vector from node N i to N j

en = unit vector normal to the triangle cell
Gi = gradient of the metric at node N i

n = unit vector normal to the cell edge
T = cell number
Xi = coordinate of node N i

° = factor that controls the magnitude of node displacement
¿ = mesh quality metric

Introduction

H YBRID meshes are widely used in viscous computational
� uid dynamics problems because they allow better control

of the cell size in the viscous region1 . Prism cells for the viscous
region and tetrahedral cells for the inviscid region are a common
combination for a three-dimensional mesh. The advancing-layers
method is a popular way to cluster the cells in the viscous region.2

These advanced methods in unstructured mesh generation tech-
niques, however, require a high implementation cost.

To develop a simple yet effective volume mesh generation tool,
the presentwork uses a mapping method and mesh smoothing tech-
niques. Mapping, which is often referred to as two-and-one-half-
dimensionalmeshing, is a popular volume mesh generationmethod
in � nite element method analysis. Mapping is typically used for
hexahedral meshing.3¡5 As the name suggests, the method maps
a two-dimensional source mesh in sweeping motion to generate a
volume mesh. The boundary ribs, that is, a series of ringlike closed
boundaries, are initially generated along the sweeping direction to
guide the mapping process.The spacingbetween the layers is spec-
i� ed before the mapping as in a structured mesh generation.

Staten et al.5 used unstructuredbackgroundmesh and linear inter-
polation to map the nodes from the source layer to the target layer.
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Mapping alone, however, cannot guarantee that the mesh will be
high quality.Even though the nodes are always projected within the
interior, the edges can be tangled, especially near a concave bound-
ary. Herein, a set of structured background meshes together with
linear interpolationare used to map the nodes from the source layer
to the target layer. Mesh smoothing is then conducted to increase
the quality of the target mesh while maintaining connectivity.

A smoothingmethod with guaranteedmesh quality improvement
is extremely important. Laplacian smoothing is the most widely
used smoothing method due to its simplicity and effectiveness in
moderate cases. One of the variations of Laplacian smoothing is
based on tension spring analogy. This method has been applied to
the unsteady � ow computation of a pitching blade.6 The limitation
of this method is that the quality of the smoothed mesh is not al-
ways improved.7 Speci� cally, the Laplacian method and its variant
methods can degenerate the mesh near a concave boundary by cre-
ating inverted cells or placing a node outside of the valid region. A
smart Laplacian smoothing works around the problem by rejecting
the displacement of a candidate node computed by a conventional
Laplacian method if the new node location decreases the quality
measure.

Angle-based smoothing uses a torsion spring analogy and is de-
signed to achieve a smooth variation of angles between neighbor
cells.8 The edge length, however, is not directly controlled, and
thus, it appears that this method requires a moderate quality initial
mesh. Another class of the mesh smoothing method, which has re-
cently become popular, is based on the direct optimization of the
quality measure.9;10 The optimizationcan be either a global or a lo-
cal process, with the latter approach generally being cost effective.
The list of the quality measures can be found by Amenta et al.,11

who suggest that a mixture of quality measures be used. They show
that a smoothingmethod coupledwith a quality measure based only
on edge length can create collapsed cells.

Optimization-based smoothing for three-dimensional meshes is
versatile, but carries with it a high computational cost. The present
work uses a two-dimensional mesh smoothing to generate a three-
dimensionalmesh in a cost effectiveway. The next sectiondescribes
thenewmethod.The subsequentsectionspresent themapping,mesh
smoothing, edge swapping, and node insertion. Numerical results
of the meshing methodology are then presented for a challenging
turbine rotor airfoil that has a large radial variation in shape, size,
and stagger angle.

Method
The presentmethod takes advantageof the geometryfeatures that

are speci� c to turbomachinery cascades. Consequently, the cross
sectionsof the � owdomainat differentradial locationarediscretized
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using topologically identical meshes. The method presented in this
paper generates the three-dimensionalmesh as a sequence of two-
dimensional layers stacked along the span of the airfoil.

The two-dimensionalgrid is a combinationof a structuredO grid,
next to the airfoil surface, and an unstructured grid exterior to the
O grid.The O grid is used to resolvethe viscousregion in thevicinity
of the blade. The remainder of the two-dimensional domain is de-
limited by the outer boundaryof the O grid, the periodicboundaries,
and the inlet and outlet boundaries. This two-dimensional domain
is � lled by triangular cells. The unstructured mesh is used to make
the mesh generator applicable to a complex geometry for which
conventional structured meshes may fail to produce an acceptable
result.

The structured O grid is generated � rst, followed by the source
mesh.The sourcemesh is a two-dimensionalunstructuredmesh.The
source mesh is then projected to target layers at different spanwise
locations. As many target layers as necessary are generated to cap-
ture blade geometry variation from hub to tip. Edges are then added
between the twin nodes of adjacent target layers to create volume
cells. Consequently, the three-dimensional cells are either prisms
or hexahedra, depending on whether they correspond to triangle or
quadrilateral two-dimensional cells.

To improve mesh quality, the grid is smoothed by relocating the
interior and periodic boundary nodes to their optimal points. The
smoothing procedure uses an optimization-based smoothing tech-
nique. The O-grid region is not smoothed. The outer boundary of
the O grid serves as a � xed boundary for the smoothing process.

The spanwisevariationof theairfoilshaperesultsin a deformation
of the elements of the mapped meshes. This deformation reduces
the quality of the mesh. The expression of the grid quality used
herein is provided in Eq. (1) The mesh quality is further reduced
by the � xed periodic boundaries that limit the redistribution of the
nodes close to the boundaries. Unlike typical boundaries in solid
modeling, the periodic boundaries of turbomachinery cascade do
not have to be � xed. The only restriction is that the circumferential
distance between two periodic nodes on the periodic boundaries
must be constant. The method proposed allows that the nodes of
the periodic boundaries move. The position of the nodes on the
periodic boundaries results from the smoothing of the neighboring
internal nodes. This additional degree of freedom for the nodes on
the periodic boundary yields a better quality mesh.

A major advantageof the techniquedevelopedin this study is that
the complexityof a three-dimensionalalgorithmis reducedto thatof
a two-dimensional algorithm. The structured nature of the mesh in
the spanwise direction simpli� es mesh generation.In addition, � ow
computationbene� ts from the simple partitionof the mesh. Because
the connectivity is identical among the layers, the communication
across them is simpli� ed. This makes the mapped mesh attractive
to parallel � ow computation.

Mapping

The initial step in the mapped mesh generationis the de� nitionof
the boundary ribs. The blade surface is cross sectioned at a prede-
termined locations along the spanwise direction. An equal number
of nodes is placed around the airfoil at each spanwise location.The
outer boundaries, that is, the inlet, outlet, and periodic boundaries,
are de� ned at every radial location. An equal number of nodes is
used for the outer boundaries at each spanwise location.

An O-grid mesh is generated to discretize the viscous region
around the blade at each spanwise location. The hexahedral vol-
ume cells in the O-grid region are constructed by connecting the
topologically identical quadrilateral cells of adjacent layers. These
hexahedralcellsare � xed permanentlyfor the remainderof the mesh
generationsteps. The outer boundaryof the O-grid blockde� nes the
inner boundary of the unstructuredmesh.

The mesh of the source layer is generated � rst. The interior of
the domain is bounded by the outer boundaries (inlet, outlet, and
periodic) and the outer boundaries of the O grid. This interior do-
main is tessellated to produce a mesh with triangular cells. A two-
dimensionalDelaunay triangulatorbasedon the divide-andconquer
method is used herein to generate the two-dimensionalunstructured

Fig. 1 Boundaries of backgroundmeshes with nodes in the lower inlet
corner.

mesh (see Ref. 12). This mesh serves as the source to be mapped on
the target layers.

The domain to be discretized by the unstructured mesh is di-
vided into six blocks, as shown in Fig. 1. Structured meshes are
algebraically generated for each block. These additional meshes
are called the background meshes. Similar background meshes are
constructed on the target layers so that a cell-to-cell mapping is
established between the source and the target background meshes.
The source nodes are then projected on the target layer into the cor-
responding cell of the background mesh. Bilinear interpolation is
performed to � nd the mapped location of the node within the cell.

Mesh Smoothing

A mapped mesh may not be acceptable for � ow computationdue
to the lack of explicit quality control in the mapping procedure.
Unless the variation from the source to target layer is small, the
mapping can produce low-quality cells or even tangled elements.
One of the most effective techniques for increasing the quality of a
three-dimensionalmesh is optimization-basedsmoothing.The com-
putationalcostof this technique,however, can be very high.The ma-
jority of the computationalcost is due to the computationof quality
measures.Gradient computationcan also contributesigni� cantly to
the computationalcost in the steepest descentmethod optimization.

The present study uses a two-dimensionalquality measure rather
than a three-dimensionalquality measure. The underlying assump-
tion is that the variation from one layer to the adjacent layer is
small. This is true for turbomachineryairfoils,which usually have a
continuous variation of the cross section in the spanwise direction.
Consequently, the overall quality of a prism cell, which has two tri-
angular faces on the two adjacent layers, is dominatedby the quality
of the triangular cells. The mesh generation essentially becomes a
seriesof two-dimensionalmesh operationsof area mesh smoothing.
This approachnot only reduces the computationalcost signi� cantly,
but also simpli� es the implementation.

Submesh

A submesh is an entity used for local submesh smoothing. A
submesh is de� ned by a set of cells that share a common node.
Typical convexand star submeshesare shown in Figs. 2a and 2b. All
of the corners of a convex submesh are convex. At least one corner
is concave in a star submesh. The type of the submesh is important
in the smoothing process. Mesh smoothing is applied iteratively to
submeshes. Given a submesh as an input, local mesh optimization
is then reduced to � nding the optimal location of the common node
while the other nodeson the boundaryof the submeshare stationary.

For a node on the periodic boundary, a submesh is de� ned as
shown in Fig. 2c. Figure 2c shows a submesh for node N0 , which
lies on the periodic boundary. Note that nodes N10 and N20 are the
pairs of nodes N1 and N2 , respectively. Nodes N500 and N600 are
the pairs of nodes N5 and N6, respectively. The submesh for node
N0 can be assembled by using the boundary nodes N5 and N6 of
the submesh of node N00 , the pair to node N0 . Once the optimized
location of N0 is found, the location of its pair node N00 is updated
using the new location of N0 plus the pitch. For inlet and outlet
boundaries the submesh is generated by mirroring the half-moon
sub-mesh with respect to the boundary face.

Figure 3 shows the types of submesh boundaries. The boundary
of a submeshcan be simple, nonsimple(tangled), or invertedsimple.
The boundaryis consideredpositiveif the nodeson the boundaryare
orderedin a counterclockwisedirection.For the nonsimplecase, the
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a) Convex submesh

b) Star submesh

c) Periodic boundary N1–N0–N2

Fig. 2 Submesh for node N0 .

edge segments cross each other and the cells overlap. The resulting
mesh is unusable. The inverted simple submesh, shown in Fig. 3d,
occurs in extreme cases. This mesh is unusable because its area is
negative.

Centroid Smoothing

Centroid smoothing places the common node N0 at the centroid
of the valid region.The valid region for the common node is de� ned
as the area where the node can be placed such that all of the resultant
cells of the submesh have positive areas. Tangled edges are caused
by placing the common node outside of the valid region. For the
nonsimple case, a valid region cannot be de� ned.

a)

b)

c)

d)

Fig. 3 Types of submesh boundaries: a) simple, b) non-simple due
to the convex turns; and c) non-simple due to the re� exive turns, and
d) inverted simple.

The valid region depends on the type of submesh. The common
nodeof a convexsubmeshcan be placedanywhere inside the bound-
ary to produce a valid triangulation. Unlike the case of the convex
submesh, only part of the interior of a star submesh is a valid re-
gion.The valid regionof a star submesh is determinedby the kernel,
which is de� ned next.

The shadowis de� ned as the set of points fromwhich a line can be
drawn to any point in the interior without crossing the boundary.A
shadow is associatedwith each concavecorner. For a submesh with
multiple concave corners, the kernel is de� ned as the intersection
of the shadows.13 For a star submesh with only one concave corner,
the kernel is identical to the shadow.

To construct a shadow, half-spaces are de� ned with respect to
each boundary segment that forms the concave corner. Figure 4a
shows the half-space formed by the line running through the nodes
N1 and N2. The secondhalf-spaceis de� nedby the nodes N2 and N3,
as shown in Fig. 4b. The intersectionof the two half-spaces de� nes
the shadow of the concave corner at N2 as shown in Fig. 4c. There
is a second concave corner in the submesh shown in Fig. 4, so that
the shadow associated with the second corner has to be determined
to obtain the kernel. The kernel of the submesh is shown in Fig. 5a.

Near a concave region with high curvature, such as at the airfoil
leading or trailing edge, an intersection of shadows may not be
found. In this case, the kernel is empty, as shown in Fig. 5b. In such
a case, the valid locationof the common node cannot be determined
locally. In most cases, the smoothing of the neighboringsubmeshes
changesthe shapeof the empty kernel submeshso that a valid region
can be found in later iterations.The prolongedpresenceof the empty
kernel during the iterations, however, indicates the limitations of
mesh smoothing. A valid triangulationcan be obtained for the case
of the empty kernel shown in Fig. 5b by introducing a new node at
one of the two shadows and placing the existing common node in
the other shadow. Further details on node insertion are given in the
next section.

Optimization-Based Smoothing

Optimization-basedsmoothing is a techniquebased on the steep-
est descentoptimizationmethod.10 This smoothingmethodoperates
on the submesh and computes the new location of the internal node
to increase the local minimum quality metric. The quality metric
used throughoutthis paper is based on the ratio of the triangularcell
area to the sum of the squared length of its edges. For a triangle cell
with nodes at X1, X2, and X3 , the metric ¿ is de� ned by

¿ D C
.E12 £ E13/ ¢ en

E12 ¢ E12 C E13 ¢ E13 C E23 ¢ E23

(1)

where C is a constant and Ei j is the edge vector from Xi to X j . The
unit vector en is normal to the triangle cell. Consequently,the vector
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a) N1–N2

b) N2–N3

c) Shadow

Fig. 4 Construction of shadow at concave corner N2.

a) Kernel b) Empty kernel

Fig. 5 Types of kernels.

E12 £ E13 has the same direction and orientation as the unit vector
en if the nodes of the cell T123 are arranged in a counterclockwise
order. For an inverted cell, the numerator should be negative. The
metric ¿ is bounded,

¡1 · ¿ .T / · 1 (2)

by setting C D 2
p

3. The metric for an equilateral triangle is either
¡1 or 1 depending on the orientation.

With a submesh about a node N i , the new location OXi of the node
N i is determined by

OXi D Xi C ° i Gi (3)

where Gi is the gradientof the metric at node N i and ° i is a factor to
control the magnitude of the node displacement along Gi . The new

Fig. 6 Controid dual cell.

location of the node changes the metrics of the cells. The new mini-
mum of the quality metric should be greater than the old minimum,
that is,

min
£
O¿ j . OXi /

¤
> min

£
¿ j .Xi /

¤
(4)

Note that the subscripts are associated with the cells and the super-
scripts are associated with the nodes.

The major task in the optimization is the gradient computation,
which requires repeated computations of the quality measures. A
cost-effective way to compute the gradient is desired. The gradient
computationbasedon thedivergencetheoremisused to approximate
the uphill direction of the quality metric at the common node. The
method is applicable only for simple submesh boundaries.

A closed path connecting the centroids of adjacent cells in a
counterclockwise direction is de� ned. This closed path generates
a centroid dual cell, as shown in Fig. 6. The divergence theorem
applied for ¿ on the centroid dual cells,

Z

A

r¿ dA D
I

@ A

¿n dl (5)

is used to approximate the gradient at the common node N i ,

r¿ i ¼ Gi D 1
A

m iX

j D 1

¿ j 0 n j 0 l j 0 (6)

where A is the interior area of the integral path, j 0 is the average
between j and j C 1, and m i is the numberof cells of the submesh i .
Herein, the quality metric for each cell is assumed to be associated
with the centroidof the cell. The gradient is � rst-order accurate and,
thus, exact for linearly varying ¿ . The procedure for calculating the
gradient is similar to � ux summation in the � nite volume method.14

If the centroid path cannot be de� ned, as happens with tangled
and inverted submesh cases, the gradient is computed using the
perturbed ¿ (Ref. 9). For each cell T j of the submesh, the gradient
is approximated by

r¿ j ¼
¿ ±x

j ¡ ¿ j

±x
ex C

¿
±y
j ¡ ¿ j

±y
ey (7)

where ex and ey are the unit vectors in the x and y directions. The
perturbed metrics ¿ ±x and ¿ ±y are computed with the location of the
common nodeperturbedby ±x and ±y, respectively.The magnitudes
of ±x and ±y are adjusted to the local scale, that is, 1% of the breadth
of the submesh. The gradient at the common node Gi is set to

Gi D r¿ j¤ (8)

where cell j¤ has the minimum quality metric value,

¿ j¤ D minf¿ j g; j D 1; : : : ; m i (9)

Once the uphill direction,Gi , of the quality metric is determined,
the displacement of the common node along the uphill direction is
speci� ed by ° i Gi . Two procedures to compute ° i are presented.
The selection of the proceduredepends on the type of the submesh.
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For a simple submesh case, centroid smoothing sets the initial
locationof the common node at the centroidof the valid region.The
centroid is not the optimal point in most cases, but fairly close to it.
Thus, the search for the optimal node location is limited to a small
region near the current position.

The search for the new node location is accomplishedas follows.
A line is drawn from the current node location in the uphill direc-
tion given by Eq. (6). The line intersects the boundary of the valid
region. The length between the current location of the node and the
intersectionpoint determine the maximum dXi . An initial ° i can be
set to a value such that ° i Gi becomes a fraction of the maximum
dXi . In the present implementationthe value of the fraction is 10%.

If the initial translation of the node along Gi does not improve
the minimum ¿ , the search distance is reduced by halving ° i . The
procedure repeats until the new minimum is greater than the cur-
rent minimum. The number of trials, however, is limited to a � xed
number of iterations.

A different methodology is used to calculate ° i for nonsimple
or inverted submeshes. The presence of a nonsimple or inverted
submesh voids the validity of the mesh. Therefore, it is critical
to � nd the proper new location of the common node, which will
transform such a submesh to a valid simple submesh. Furthermore,
when a submesh is not simple, the variations of the quality metrics
appear to be extremely sensitive to the displacement magnitude of
the common node.

A new quality metric for a cell T j can be approximated using
Taylor series (see Ref. 9):

¿ j . OXi / D ¿ j .Xi C ° i Gi / D ¿ j .Xi / C ° i Gi ¢
@¿ j

@X

­­­­
X i

C HOT (10)

where OXi is the new location of node N i . When the gradient term
is substitutedby the gradient approximationG j for a cell T j , where
G j ´ r¿ j , Eq. (10) becomes

¿ j . OXi / ¼ ¿ j .Xi / C ° i Gi ¢ G j (11)

The value of the gradient r¿ j is approximated by the perturbed
quality metric, as shown in Eq. (7). For the cell T j¤ with the current
minimum ¿ j¤, Eq. (11) can be written as

¿ j¤. OXi / ¼ ¿ j¤.Xi / C ° i Gi ¢ Gi (12)

where the second Gi term recalls the de� nition of the gradient for
the cell with the minimum quality measure, as shown in Eq. (8).

Equation (12) shows that the metric of the cell with the old mini-
mum ¿ j¤ will always improvebecausethe innerproductof Gi and Gi

is positive.The productGi ¢ G j in Eq. (11), however,can benegative.
When this occurs, the new ¿ j decreases for a positive ° i . Therefore,
when the product is negative, the decreasing metric should be re-
stricted to be equal to or greater than the improved value of the
old minimum metric. For a submesh with m i cells, this condition
implies

¿ j¤. OXi / · ¿ . OXi /; 1 · j · m i ; j 6D j¤ (13)

which can be expanded to

¿ j¤ C ° i Gi ¢ Gi · ¿ j C ° i Gi ¢ G j (14)

Finally, when Eq. (14) is rearranged, the minimum ° i is

° i D min

»
¿ j ¡ ¿ j¤

Gi ¢ Gi ¡ Gi ¢ G j

¼
; 1 · j · m i ; j 6D j¤

(15)

where Gi ¢ G j is negative. For negative Gi ¢ G j , Eq. (15) yields a
positive ° i . When Gi ¢ G j is positive, Eq. (11) shows that a positive
° i is suf� cient for the increase of the quality metric.

Note that the minimum ° i can be close to zero in some extreme
cases. In such a case, the magnitude of ° i Gi is compared to the

submesh length scale. If the magnitude of the displacement given
by the ° i Gi is smaller than a prede� ned threshold, the next smallest
° i can be used instead.9

Edge Swapping and Node Insertion

As shown in the preceding section, there are limitations to using
mesh smoothing for star submeshes. Speci� cally, when an empty
kernel case occurs, mesh smoothing alone cannot guarantee a valid
triangulation. Edge swapping and node insertion are, thus, intro-
duced to overcome the limitation of the mesh smoothing and to
further improve mesh quality.

Edge swapping is used to improve the quality of the unstructured
mesh. Unlike the mesh smoothing methods, edge swapping alters
the connectivity.The present study uses a slightly modi� ed version
ofLawson’s15 edgeswappingmethod.The Lawson’s edge swapping
methodcompares the minimumangles of two adjacent trianglecells
before and after the common edge is swapped. The edge is swapped
only if the new minimum angle is greater than the old minimum
angle. Otherwise, the current edge connectivity is kept.

The two-dimensionaledge swapping technique is extended to the
mapped mesh consideredin this study in the followingmanner. The
mapped mesh has a single set of connectivityinformationshared by
all of the layers. Speci� cally, given an edge from the connectivity
table, thecorrespondingedge can be foundon every layer.Thus, two
neighboring triangle cells that share the edge can also be formed on
every layer. These two neighboring triangle cells form a “quad-
tube” when they are stacked in the spanwise direction.The decision
to swap the edge is then based on whether swapping improves the
minimum measure among the quad-cells in the quad-tube.

Here Lawson’s method15 is modi� ed by replacing the maximiza-
tion of the minimum angle criteriawith the qualitymeasure¿ . When
the quality measure ¿ is used, edge swapping becomes consistent
with mesh smoothing in the sense that both procedures maximize
the minimum quality measure. Note that the quality measure ¿ in-
cludes information on the mesh angle values. The criteria based on
the quality measure ¿ are more general than the criteria based on
the maximization of the minimum angle because the former also
include information on the cell area and edge length.

Mesh smoothing improves the mesh greatly,but the improvement
is limitedby the connectivityrestrictionbetween layers.Edge swap-
ping, however,modi� es the connectivityof the smoothedmeshes.A
swappededge alters the submeshesassociatedwith all four nodesof
the quad-cell, and further mesh smoothing may become necessary.
Because mesh smoothing and edge swapping are coupled, they can
be applied alternatively until 1) edge swapping is no longer neces-
sary and 2) the node movement and/or the variations in the quality
measure are smaller than some given values.

When a sourcemesh is generatedusing a certain airfoil cross sec-
tion, the connectivity of the resultant unstructured mesh is optimal
with respect to the criteria of the mesh generator. For example, if
Delaunay triangulation is used, the connectivity corresponds to the
best max–min angle possible for the given distribution of nodes.
When nodes are forced to move to new locations,as occurs with the
mapping and smoothing procedures, the connectivity is no longer
optimal.Edge swappingreduces the dependencyof the overallmesh
quality on the choice of the source mesh. As a result, the in� uence
of the spanwise location of the source layer on the � nal global mesh
quality is diminished.

To enhance mesh quality, node insertion is also employed.Recall
that, for the empty kernel case, introducing a new node or Steiner
point can remove the inverted cells. Furthermore, node insertion at
a later stage of the mesh generation process makes it possible to
start from a coarse source mesh. This reduces the work load for
mesh smoothing and edge swapping. Once the mesh is converged,
additional nodes can be inserted where the resolution of the mesh
does not meet the prede� ned length scale.

The number of newly added nodes is controlled by calculating
a quality measure or score for each cell and then sorting the cells
based on these scores. Then a predetermined number of nodes is
placed on the worst cells � rst. As is the case with edge swapping,
node insertion also alters the connectivityof the mapped mesh. The



KIM AND CIZMAS 541

sorting procedure examines the score for each triangle cell in a
triangle-tube that spans from hub to tip.

Although the circumcircle center of a candidate triangle cell is
often the preferred site for a new node,16 here, for simplicity, the
centroid of a triangle cell is used for a new node location. Only a
fraction of the total number of new nodes are added at each step.
The whole procedure repeats until all of the intended number of
nodes are added and the mesh smoothing and edge swapping are
completed.

Results
The mapped mesh generation is tested on an axial turbine rotor

blade shown in Fig. 7. The variation of the airfoil cross sections at
20% span increments is shown in Fig. 8. Mesh generation for this
airfoil is challenging because of the large radial variation in shape
and size. What makes it even more dif� cult is the extreme variation
of the stagger angle, which is approximately 88 deg.

The sourcemesh is generatedat thehub.Figure9 shows the source
mesh where only the unstructuredregion is displayed.The unstruc-
tured portion of the two-dimensional layer contains 480 nodes, ex-
cluding the common nodes between the O grid and the unstructured
region. The mesh is rather coarse, and additional nodes are to be
added after the mapping and smoothing procedures are performed.
The O grid has 120 nodes along the airfoil and 10 nodes normal to
the airfoil.

Fig. 7 Test case airfoil.

Fig. 8 Variation of airfoil cross sections.

Table 1 Minimum and maximum angle

Case Minimum angle, deg Maximum angle, deg

MS n/a 179.8
MS C ES 3.5 150.0
MS C ES C NI 11.9 147.3

Table 2 Minimum of the quality metric ¿

Case Minimum ¿

Mapping only ¡0.6994
MS ¡0.0643
MS C ES 0.2137
MS C ES C NI 0.2512

Fig. 9 Source mesh at the hub.

Mesh smoothing alone failed to eliminate the inverted cells on
the layers close to the tip. These inverted cells resulted due to the
signi� cant change of the airfoil pro� le from hub to tip. Note that
in this case the source layer was located at the hub. The optimal
connectivity for the source mesh caused too much restrictionof the
mesh at the tip. Edge swapping was, thus, necessary to remove the
constraintsdue to the biased connectivity of the source mesh.

The � rst mapped layer was generated at 10% span from the hub.
After mapping and mesh smoothing, edge swapping was done for
the hub and the layer at 10% span simultaneously. By advancing
the layers by 10% span each time, the connectivityconstraintswere
not as severe as in the initial attempt when the base mesh at the
hub was mapped to the target mesh at the tip. This procedure of
adding one new layer each time and applying the edge swapping
was repeated until the tip layer was reached. As a result, all of
the target meshes were successfully mapped and smoothed while
connectivity was continuously updated. Note that the 10% span
spacing was arbitrarily chosen and that this spacing was not the
actual spacing between the layers of the � nal mesh.

The variationin cellsizeat the interfacebetweentheO gridand the
unstructuredregion was controlledby forcing the unstructuredcells
on the interface to form equilateral triangles. On the tip layer, the
node distribution was not dense enough because the area the nodes
had to cover increased signi� cantly compared to the hub layer. The
abrupt changes in cell size became problematic in the transition
region from the O grid to the unstructured region of the tip layer.
To correct this problem, new nodes were added and smoothing and
edge swappingwere applied.The resultsare summarized in Tables1
and 2. Table 1 shows the improvement in the minimum angle, and
Table 2 shows the improvement in the minimum quality measure.
Because the mesh optimization was based on the quality metric ¿
rather thanon theminimumangle, thevariationof ¿ shownin Table2
provides a better image of the mesh improvement than the values
of the minimum angle shown in Table 1. Note that the minimum
angle for mesh smoothing is not de� ned due to the presence of the
inverted cell.

The distribution of the quality measure ¿ as a function of the
spanwise location is shown in Fig. 10. Note that ¿ is 1 for an equi-
lateral triangle and 0 for a collapsed triangle. A larger number of
cells exhibited a low ¿ on the hub and tip layers than on the layers
near the midspan.Note the similarity of the minimum ¿ distribution
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Fig. 10 Number of cells vs quality measure ¿ .

Fig. 11 Hub layer.

Fig. 12 Layer at 20% span from the hub.

for all of the layers, which proves that edge swapping was effective
in eliminating the dependencyof the quality of the target meshes on
the source mesh. Mesh smoothing maximized the minimum qual-
ity measure for every layer. Edge swapping corrected the initial
connectivity to an unbiased one that satis� ed all of the layers.

Figures 11–16 show the grid at � ve spanwise locations.Node in-
sertion (NI) removed the abrupt changesof cell size. By adding 400
new nodes, the total number of nodes in the unstructured mesh in-
creasedto 880.Additionalmesh smoothing(MS)andedgeswapping

Fig. 13 Layer at 40% span from the hub.

Fig. 14 Layer at 60% span from the hub.

Fig. 15 Layer at 80% span from the hub.
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Fig. 16 Tip layer.

(ES) increased the minimum angle to 11.9 deg from 3.5 deg. The
computational time necessary to build a three-dimensional hybrid
mesh containing 106,080 nodes was approximately 5 min on a
600-MHz personal computer running Linux.

The current ES method was applied to the interior edges only.
ES, however, could also be applied to the periodic boundariesusing
the ghost-cell approach. This could further enhance mesh quality.

Conclusions
The hybrid mesh generation algorithm for turbomachinery air-

foils developed here took advantage of the � exibility of the two-
dimensional unstructuredmesh and the ef� ciency of the structured
mesh. The hybrid grid with topologicallyidentical layers is ideal for
parallel � ow computation.The grid generationmethod is robust and
can handleef� cientlychallengingairfoils,as shown in the “Results”
section.

The method is based on two-dimensional algorithms, which in-
clude a mapping technique and an optimization-based smoothing
method. Further enhancement of grid quality was possible by ES
and NI. ES reduced the dependency of mesh quality on the choice
of the source mesh. MS was extended to include the nodes on the
periodicboundariesbyusingtheghost-cellapproach.This approach
relaxed the restrictionsimposed to the nodes on the periodicbound-
aries, and as a consequence,mesh quality was improved.

Lawson’s method15 was extended in two ways. First, the max-
imization of the minimum angle was replaced by a more general
quality measure. The purpose of this modi� cation was to provide a
uni� ed quality measure for smoothing and edge swapping.Second,
Lawson’s method was extended from a two-dimensional to a three-
dimensionalalgorithmby applyingit to a quad-tube.The decisionto

swap the edgesof the tube was basedon whetherswappingimproved
the minimum quality measure of the quad-cells in the quad-tube.
The methodology developed herein provides an integrated system
for mapping, smoothing, ES, and NI.
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